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1. Introduction. 
A magnetoatmosphere is defined as a system, which, when linearly perturbed about 
a stable equilibrium, may support wave motion due to the combined restoring forces of 
compressibility, buoyancy and magnetic fields ([1],[2]). Systems of this type have been 
of interest in a number of areas in solar physics: that of running penumbral waves in 
sunspots, flare-induced coronal waves, waves in “magnetic flux tubes”, and the associated 
problem of coronal heating ([3]-[6]). Although such magnetoatmospheric systems are very 
complex both mathematically and physically (171, [S]), some general statements may be 
made for idealized problems, and for specific systems more detailed information on the 
spectrum is often available. An extensive discussion on the spectrum of the co-called 
exponential atmosphere is given elsewhere ([8]): in this note several further properties 
are established. 
2. Basic Equations.. 
It is well known that the equations of ideal linear magnetohydrodynamics (MHD) can 
be reduced to the equation 
(1) 
in the displacement field [(r,t), pc($ b ein an equilibrium density distribution. The g 
operator F(t) is defined tobe -- 
F(F) = V(YPoV.~ + f.VPo) -go x (V x Q) - 9 x (V x go> -- 
+ WJogwo, 
(2) 
where 9 = V x (6 x Bc). - 
Here PO(Z) and B,(r) are the equilibrium distributions of gas pressure and magnetic 
field intensity, and y & the ratio of specific heats for the medium. The quantity $0 is 
the external potential: if this is derived from a uniform gravitational field, then in a 
Cartesian cooordinate system V$c = -g = (O,O,g). The operator p;‘F can be proved 
to be self-adjoint [9] for many boundary conditions of interest in MHD. This properly 
ensures of course that the eigenvalues of p,‘F are real. 
We now regard <(T, t) = t(z, y, t, t) as an integral superposition of harmonic terms as 
follows, with < and its first-x-derivative vanishing at infinity. Thus 
(3) 
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where the horizontal wave vector k is described with respect to oriented axes such that 
k = (k, 0,O). Equation (1) reduces-to 
-pow29 = J’(4, k). -- (4 
On eliminating all dependent variables except & = #d from this system, for the hori- 
zontal magnetic field s(z) = (B,(z), &(z),O) the following equation is obtained ([8]) 
where A(z, w) = p. 
(cg + u; + co”)(w2 - Wf(%))(W2 - w;(z)) 
(w2 - wW)(w2 - w:(z)) 
(5) 
(6) 
and B(z,w) = p. (w2 - wf) - 
1 
k2g2(w2 - w;) 
(w2 - wi)(w” -w,“) 
In these equations, a: = BzpO’ and ai = Bip;’ are squares of the Alfven speeds, Q(Z) 
is the sound speed, 
44 = a2k2 I , 
w;(z) = a%cik2(az + I$)-~, 
and 
Wf(%) = i[k”(a: + af + c$) - A], 
L&z) = ;[k2(a: + a; + c;) + A], 
4(4 = azc;k2(a; + c;)-’ 
where A2 = k4(az + ai + ~8)~ - 4azc$k4. 
On multiplying equation (5) by @, the complex conjugate of 4, and integrating be- 
tween 0 and d(< oo) we obtain 
--[A@#]; + /“A 1 4’ I2 dz = I” B 1 4 I2 dz. (8) 
0 
The boundary term vanish on invoking the boundary conditions 4(O) = 4(d) = 0 or 
qY(0) = q)‘(d) = 0. Then we have 
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THEOREM 1. A necessary condition for the existence of non- oscillatory sohztions
(w2 < 0) is that B(z,w) > 0 at least somewhere in (o,d) (i.e. on some finite nterval or
union of intervals in (o,d)).
Proof. Set w2 = -m2, m2 > 0. Then it follows that A > 0, and by equation (8) the
result follows.
COROLLARY 1. When k = 0, there are only oscillatory solutions (w2 > 0).
The proof is obvious, since A > 0, and B < 0 when k = 0. This result will hold in fact
for any sufficiently small non-zero value of k.
The condition in Theorem 1 that B > 0 somewhere, although very general, is probably
rather unwieldy in practice, since it corresponds to solving a quintic in m2 for give k
and other magnetoatmospheric parameters (or a cubic in m2 if J?@ z 0). Nevertheless,
some useful bounds on the spectrum can often be found for specific atmospheric models,
such as the “exponential” magnetoatmosphere used by Nye and Thomas in their study
of flare-induced coronal waves [4]. In this system the sound speed cg = c is a constant,
and for BY 5 0 the Alfven speed o=(z) = ~(0)e*/~, H =
1
- p~‘dp~/d~
1
- 1
being a
density scale height.
Then for the same boundary conditions as in Theorem 1, we have
THEOREM 2. For the exponential magnetoatmosphere the spectrum is restricted to a
subset of the positive real line,
w2 3 i;fWz(z, 1)
and hence the solutions are time-oscillatory.
Proof A simplified version of equation (8) applies for this system, namely
Jd(a= + c=)(w=- &))&(k, z; 4)dz0
=J‘(k2~=~= + w*) 1 # /= dz
(9)
0
where  6 =I 4’ I2 +k2 1 qi I2 and N2 = (y - l)g2/c2 is the square of the Brunt-ViisiilL
frequency. The result follows since if w2 < infwg a contradiction is obtained for non-
trivial 4. Clearly this establishes the non-negltivity of w2.
A weaker form of equation (9) is
Jd{W4- k2(a2 + c=)w= + c2k2(N2 + a2k2)}odz > 0.Cl
Sufficient conditions for this inequality to be satisfied are that either
(10)
(i) w2 1 sup (“:}
t
or
Ant 2x1-8
(i i) w2 5 irjf {a!}
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the f signs corresponding. These “dispersion relations” correspond to the
gravity-modified fast and slow magnetoacoustic waves known in solar physics ([3], [4]).
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